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Abstract: Let X = (X1, · · · , Xq) be a family of real smooth vector fields
satisfying Ho¨mander’s condition. The purpose of this paper is to establish gradi-
ent estimates in generalized Morrey spaces for weak solutions of the divergence
degenerate parabolic system related to X :
uit +X
∗
α(a
αβ
ij (z)Xβu
j) = gi +X
∗
αf
α
i (z),
where α, β = 1, 2, · · · , q, i, j = 1, 2, · · · , N , X∗α is the transposed vector field
of Xα, z = (t, x) ∈ R
n+1, and coefficients aαβij (z) belong to the space VMO
induced by the vector fields X1, ..., Xq.
Key words: divergence degenerate parabolic system; weak solution; Ho¨rmander’s
vector fields; VMO function; generalized Morrey space.
1 Introduction
Let us consider a family of real smooth vector fields
Xj =
n∑
k=1
bjk(x)
∂
∂xk
, j = 1, 2, · · · , q, (q ≤ n),
defined in a neighborhood Ω˜ of some bounded domain Ω ⊂ Rn, satisfying
Ho¨rmander’s condition, namely, the Lie algebra generated by the family X =
(X1, · · · , Xq) at any point of Ω˜ spans R
n, see [10].
Equations and systems involving vector fields have received much attention
during the recent years, see [1, 8, 12, 14, 15, 16, 19, 20, 21] etc.. The Morrey
estimates for elliptic systems in Carnot-Carathe´odory space have been studied
by G. Di Fazio and M. Fanciullo in [6]. The aim of this paper is to establish
∗This work was supported by the National Natural Science Foundation of China (Grant
Nos. 10871157 and 11001221) and Specialized Research Found for the Doctoral Program of
Higher Education (No. 200806990032).
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gradient estimates in generalized Morrey spaces for weak solutions of the diver-
gence degenerate parabolic system related to X. Of course, our work is greatly
influenced by those in the classic Euclidean case, that is Xi =
∂
∂xi
, i = 1, ..., n,
where fairly complete results have been obtained, for example, see [2, 9, 11,
18] etc.. For parabolic system with constant coefficients, Schauder and Lp esti-
mates were studied by Schlag in [17], while when coefficients are discontinuous
and belong some VMO space, Mcbride in [13] derived the generalized Morrey
estimates for gradients of weak solutions. For some earlier studies, we quote [3,
4, 18] and the references therein.
In this paper, the degenerate parabolic system we considered is of the type
uit +X
∗
α(a
αβ
ij (z)Xβu
j) = gi +X
∗
αf
α
i (z), (1.1)
where α, β = 1, 2, · · · , q; i, j = 1, 2, · · · , N , z = (x, t) ∈ Rn+1, X∗j is the trans-
posed vector field of Xj , X
∗
j = −Xj + cj (cj = −
n∑
k=1
∂bjk
∂xk
∈ C∞(Ω)), Ω is a
bounded domain in Rn.
The main difficulty in our setting is that the presence of commutators of
vector fields which does not allow us to differentiate the equation. In order to
overcome this and apply the method in [13] to our system, we need to resort to
some conclusions proved by Xu in [20], and prove that some relative results in
the classic Euclidean case are still hold in our setting.
Our basic assumption is:
(H) Let gi and f
α
i in (1.1) belong to the generalized Morrey space L
2,λ
ϕ (QT ),
0 ≤ λ < Q+2 (the number Q is the homogeneous dimension relative to Ω), and
coefficients aαβij (z) belong to L
∞(QT ) ∩ VMO(QT ), where we refer to Section
2 for the precise meaning of L2,λϕ (QT ), QT , ϕ and VMO(QT ). Also let a
αβ
ij (x, t)
satisfy the uniform ellipticity condition:
Λ−1|ξ|2 ≤ aαβij (x, t)ξ
i
αξ
j
β ≤ Λ|ξ|
2, (1.2)
where Λ > 1, ξ ∈ R(q+1)N , (x, t) ∈ QT .
We say u ∈ V2(QT ) (see Section 2) is a weak solution of (1.1), if for any
vector-valued function ψ ∈ C∞0 (QT ),∫∫
QT
[uitψ + a
αβ
ij Xαψ
iXβu
j ]dz =
∫∫
QT
[giψ + f
α
i Xαψ] dz.
Now, we state the main result of this paper.
Theorem 1.1 Under the assumption (H), let u ∈ V2(QT ) be a weak solution
of (1.1) in QT . Suppose that there exists γ, such that λ < γ < Q + 2 and
the function r
γ−λ
ϕ2(r) (r > 0) is almost increasing (see Section 2 below). Then
Xu ∈ L2,λϕ (Q
′) for any Q′ ⋐ Q′′ ⋐ QT . Moreover, the following estimate holds
‖Xu‖2
L2,λϕ (Q′)
≤ c(‖Xu‖L2(Q′′) + ‖f‖L2,λϕ (QT ) + ‖g‖L2,λϕ (QT )).
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The plan of the paper is organized as follows. In Section 2, we introduce
some function spaces such as generalized Morrey spaces, generalized Sobolev
spaces, and give some known results which will be used. Section 3 is devoted to
deducing a Caccioppoli inequality (Lemma 3.1) and L2 estimates for derivatives
(with respect to vector fields and t) of weak solutions of (3.1) (Lemma 3.4).
Using the reverse Ho¨lder inequality on the homogeneous space, we prove a higher
integrability to (3.1)(see Theorem 3.9). With the help of the results in Sections
2 and 3, we complete the proof of Theorem 1.1 in Section 4.
2 Preliminaries
In this section we introduce some preparatory material related to Ho¨rmander’s
vector fields and state some function spaces. Several known results which will
be used later are collected.
For every multi-index I = (i1, i2, . . . , ik), we denote the length of I by |I| = k,
and set
XI = XiiXi2 . . . Xik , Xβ = [Xβd , [Xβd−1 , · · · [Xβ2 , Xβ1 ] · · · ]].
The length of commutator Xβ is denoted by |β| = d.
Definition 2.1 (Carnot-Carathe´odory distance). An absolutely continuous curve
γ : [0, T ] → Ω is called a sub-unit curve with respect to the system X, if γ′(t)
exists and satisfies that for any ξ ∈ Rn,
< γ′(t), ξ >2≤
q∑
j=1
< Xj(γ(t)), ξ >
2, a.e. t ∈ [0, T ].
The length of γ is denoted by lS (γ) = T . Given any x, y ∈ Ω, we stand for the
collection of all sub-unit curves connecting x and y by Φ(x, y) and define
dX(x, y) = inf{lS(γ) : γ ∈ Φ(x, y)}.
Note that the function dX(x, y) is finite for any x, y ∈ Ω, and dX is really a
distance in Ω. One calls that dX is a Carnot-Carathe´odory distance.
A metric ball of center x and radius R is denoted by
BR(x) = B(x,R) = {y ∈ Ω : dX(x, y) < R}.
When we do not consider the center of a ball, we will simply write BR instead
of B(x,R).
Due to [14], for Ω ⊂ Rn, there exist constants CD, RD > 0 such that for
every x0 ∈ Ω and 0 < R < RD, one has
|B(x0, 2R)| ≤ CD|B(x0, R)|.
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Moreover, for every R ≤ RD and τ ∈ (0, 1), we have
|BτR| ≥ C
−1
D
τQ |BR| . (2.1)
Through out of this paper, we denote QT = Ω× (0, T ] and z0 = (x0, t0) ∈ QT ⊂
R
n+1 . A parabolic cylinder with vertex at z0 is denoted by
QR(z0) = BR(x0)× (t0 −R
2, t0].
In the sequel, let us denote IR (t0) = (t0−R
2, t0] and the parabolic boundary
of QR by ∂pQR. Denote the Lebesgue measure of B(x,R) in the n-dimensional
space by |B(x,R)|, and the Lebesgue measure of QR(z0) in the n+1-dimensional
space by |QR(z0)|.
Definition 2.2 (Almost increasing function, see [11]). A function h : [0, d0]→
[0,∞) is said almost increasing, where d0 > 0, if there exists Kh ≥ 1, such that
for any 0 ≤ s ≤ t ≤ d0, the following holds
h(s) ≤ Khh(t).
Definition 2.3 Let 1 ≤ p < +∞, 0 ≤ λ < Q+2 and ϕ be a continuous function
on [0, d] such that ϕ > 0 on (0, d], where d is the diameter of QT . We say that
f ∈ Lp(QT ) belongs to a generalized Morrey space L
p,λ
ϕ (QT ), if
‖f‖Lp,λϕ = sup
z0∈QT ,0≤ρ≤d
1
ϕ(ρ)
(ρ−λ
∫∫
QT∩Qρ(z0)
|f |
p
dz)
1
p <∞.
It is easy to prove that the space Lp,λϕ (QT ) is a Banach space as in [13].
Definition 2.4 (BMO and VMO space). For any f ∈ L1(QT ), we set
η (r) = sup
z0∈Q,0≤ρ≤r
(
1
|QT ∩Qρ(z0)|
∫∫
QT∩Qρ(z0)
∣∣f(z)− fQT∩Qρ(z0)(z)∣∣ dz),
where fQT∩Qρ(z0) =
1
|QT∩Qρ(z0)|
∫∫
QT∩Qρ(z0)
f(z)dz. If sup
r>0
η (r) < ∞, then it
says f ∈ BMO(QT )(Bounded Mean Oscillation). Moreover, if η (r) → 0 as
r → 0, then we call f ∈ VMO(QT )(Vanishing Mean Oscillation).
Definition 2.5 (Generalized Sobolev space). The space
V2(QT ) = {u : u ∈ L
∞(0, T ;L2(QT )), Xu ∈ L
2(QT )}
is called a generalized Sobolev space, where |Xu| = (
q∑
i=1
|Xiu|
2
)
1
2 .
Lemma 2.6 (see [11]). Let H be a non-negative almost increasing function in
[0, R0] and F a positive function on (0, R0]. Suppose that H and F satisfy
4
(1) There exist positive constants A,B, ε and β such that for any 0 ≤ ρ ≤
R ≤ R0,
H(ρ) ≤ (A(
ρ
R
)β + ε)H(R) +BF (R); (2.2)
(2) There exists γ ∈ (0, β) such that ρ
γ
F (ρ) is almost increasing in (0, R0].
Then there exist ε0 = ε0(A, β, γ) and C = C(A, β, γ,KH) such that if ε < ε0,
one has
H(ρ) ≤ C
F (ρ)
F (R)
H(R) + CBF (ρ). (2.3)
The following technical lemma is from [5].
Lemma 2.7 Let f(t) be a bounded nonnegative function on [T0, T1], T1 > T0 ≥
0. Suppose that for any s and t, T0 ≤ t < s ≤ T1, f satisfies
f(t) ≤ θf(s) +
A
(s− t)α
+B,
where θ, A,B, α are nonnegative constants and θ < 1. Then for any T0 ≤ ρ <
R ≤ T1, one has
f(ρ) ≤ C[
A
(R − ρ)α
+B],
where C depends only on α.
3 Homogeneous parabolic system with constant
coefficients
Let us consider the homogeneous degenerate parabolic system
uit +X
∗
α(a
αβ
ij Xβu
j) = 0, (3.1)
where coefficients aαβij are constants and satisfy (1.2). We will establish a Cac-
cioppoli inequality and L2 estimates for derivatives (with respect to vector fields
X1, ..., Xq and the variable t) of weak solutions of (3.1) by extending results in
[20]. Using the reverse Ho¨der inequality on the homogeneous space, a higher
integrability to (3.1) is proved. To simplify the notations, in the sequel, QR (z0),
BR (x0), IR (t0) and dxdt are written as QR, BR, IR and dz, respectively.
Lemma 3.1 (Caccioppoli inequality). Let u ∈ V2(QT ) be a weak solution of
(3.1). Then for any QR ⊂ QT and ρ < R,
sup
Iρ
∫
Bρ
|u|
2
dx+
∫∫
Qρ
|Xu|
2
dxdt ≤
c
(R− ρ)
2
∫∫
QR
|u|
2
dxdt. (3.2)
Furthermore, for any b ∈ R, it follows
sup
Iρ
∫
Bρ
|u− b|2dx+
∫∫
Qρ
|Xu|2 dxdt ≤
c
(R− ρ)2
∫∫
QR
|u− b|2 dxdt (3.3)
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and ∫∫
Qρ
|ut|
2dxdt ≤
c
(R− ρ)4
∫∫
QR
|u|2dxdt. (3.4)
Proof. Given Bρ ⊂ BR ⊂ Ω, choose a test function fi(x) = u
iξ2(x)η(t) with
ξ(x) ∈ C∞0 (BR), 0 ≤ ξ ≤ 1, |Xξ| ≤
C
R− ρ
, ξ = 1(in Bρ)
and
η(t) =
{
t−(t0−R2)
R2−ρ2 , t ∈ (t0 −R
2, t0 − ρ
2),
1, t ∈ [t0 − ρ
2, t0).
Multiplying both sides of (3.1) by fi(x) and integrating on Q
′
R = BR(x0)×(t0−
R2, t], we get
0 =
∫∫
Q′R
[uit +X
∗
α(a
αβ
ij Xβu
j)]uiξ2ηdz
=
∫∫
Q′R
[
(
1
2
|u|
2
η)tξ
2 −
1
2
|u|
2
ξ2ηt + a
αβ
ij ξ
2ηXαu
iXβu
j
+2aαβij u
iξηXαξXβu
j
]
dz,
and then by moving terms,∫∫
Q′R
[(
1
2
|u|
2
η)tξ
2 + aαβij ξ
2ηXαu
iXβu
j]dz
=
∫∫
Q′R
[
1
2
|u|
2
ξ2ηt − 2a
αβ
ij u
iξηXαξXβu
j ]dz
≤
∫∫
Q′R
1
2
|u|
2
ξ2ηtdz + ε
∫∫
Q′R
ξ2η |Xu|
2
dz + Cε
∫∫
Q′R
η |u|
2
|Xξ|
2
dz. (3.5)
Using ∫∫
Q′R
(
1
2
|u|
2
η)tξ
2dz =
∫
BR
∫
(t0−R2,t]
(
1
2
|u|
2
η)tξ
2dtdx
= η (t)
∫
BR
1
2
|u|2 ξ2dx,
and (1.2), we have from (3.5) that
η (t)
∫
BR
1
2
|u|
2
ξ2dx+ C
∫∫
Q′R
ξ2η |Xu|
2
dz
≤
∫∫
Q′R
1
2
|u|
2
ξ2ηtdz + ε
∫∫
Q′R
ξ2η |Xu|
2
dz + Cε
∫∫
Q′R
η |u|
2
|Xξ|
2
dz.
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In the light of properties of ξ (x) and η (t), it implies
η (t)
∫
BR
|u|
2
ξ2dx+
∫∫
Q′R
ξ2η |Xu|
2
dz
≤ Cε
∫∫
Q′R
|u|
2
ξ2ηtdz + Cε
∫∫
Q′R
η |u|
2
|Xξ|
2
dz
≤ Cε
∫∫
Q′R
|u|
2
(
1
R2 − ρ2
+
C
(R− ρ)2
)dz,
thus
sup
Iρ
∫
Bρ
|u|
2
dx+
∫∫
Qρ
|Xu|
2
dxdt ≤
c
(R− ρ)
2
∫∫
QR
|u|
2
dxdt,
namely, (3.2) is proved.
The proof of (3.3) is similar to that of (3.2), just taking the test function
fi(x) = (u
i − b)ξ2(x)η(t) instead. We omit the details.
Now we come to prove (3.4). Let ρ ≤ s < l ≤ R with l − s = s − ρ and
fi(x) = u
i
tξ
2
1(x)η1(t) be a test function with
ξ1(x) ∈ C
∞
0 (Bs), 0 ≤ ξ1 ≤ 1, |Xξ1| ≤
C
s− ρ
, ξ1 = 1(in Bρ)
and
η1(t) =
{
t−(t0−s2)
s2−ρ2 , t ∈ (t0 − s
2, t0 − ρ
2),
1, t ∈ [t0 − ρ
2, t0).
Multiplying both sides in (3.1) by fi(x) and integrating on Qs, one gets
0 =
∫∫
Qs
[(uit)
2ξ21η1 + a
αβ
ij ξ
2
1η1Xαu
i
tXβu
j + 2aαβij u
i
tξ1η1Xαξ1Xβu
j]dz,
then∫∫
Qs
ξ21η1 |ut|
2
dz ≤ C
∫∫
Qs
[
ξ21η1 |Xut| |Xu|+ η1 |ξ1ut| |Xu| |Xξ1|
]
dz
≤ ε
∫∫
Qs
ξ21η1 |Xut|
2
dz +
C
ε
∫∫
Qs
ξ21η1 |Xu|
2
dz
+
1
2
∫∫
Qs
η1 |ξ1ut|
2 dz + C
∫∫
Qs
η1 |Xu|
2 |Xξ1|
2 dz.
Noting properties of ξ1 (x) and η1 (t), it yields∫∫
Qρ
|ut|
2
dz ≤ 2ε
∫∫
Qs
|Xut|
2
dz
+
C
ε
∫∫
Qs
|Xu|
2
dz +
C
(s− ρ)2
∫∫
Qs
|Xu|
2
dz. (3.6)
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Since ut is still a weak solution of (3.1), we apply (3.2) to ut and have∫∫
Qs
|Xut|
2
dz ≤
C
(l − s)2
∫∫
Ql
|ut|
2
dz
and ∫∫
Qs
|Xu|2 dz ≤
C
(l − s)2
∫∫
Ql
|u|2 dz.
Inserting the above two inequalities into (3.6) and using l− s = s−ρ, it obtains∫∫
Qρ
|ut|
2
dz
≤
2εC
(l − s)2
∫∫
Ql
|ut|
2
dz +
C
ε(l − s)2
∫∫
Ql
|u|
2
dz +
C
(s− ρ)2(l − s)2
∫∫
Ql
|u|
2
dz
≤
εC
(l − s)2
∫∫
Ql
|ut|
2
dz +
C
ε(l − s)2
∫∫
Ql
|u|
2
dz +
C
(l − s)4
∫∫
Ql
|u|
2
dz.
Taking ε = (l−s)
2
4C , it follows∫∫
Qρ
|ut|
2 dz ≤
1
4
∫∫
Ql
|ut|
2 dz +
C
(l − ρ)4
∫∫
Ql
|u|2 dz
and then (3.4) from Lemma 2.7.
Remark 3.2 Checking carefully the proof of Lemma 3.1, one find that conclu-
sions in Lemma 3.1 are still hold for the homogeneous parabolic system with
variable coefficients, provided coefficients are bounded and satisfy (1.2). It will
be used in Section 4.
Lemma 3.3 Let u ∈ C∞(QT ), BR ⊂ Ω and IR ⊂ (0, T ). Then
(i) when k > Q2 , there exist positive constants R0 and c such that for any
R ≤ R0,
sup
x∈BR/4
|u (x, t)| ≤ c |BR|
− 1
2
∑
|I|≤k
R|I| ‖XIu (x, t)‖L2(BR). (3.7)
(ii) when k > 1, there exist positive constants R0 and c such that for any
R ≤ R0,
sup
t∈IR/4
|u (x, t)| ≤ c
∑
2m≤k
R2m−1
∥∥∂m
t
u (x, t)
∥∥
L2(IR)
. (3.8)
The first statement is from Proposition 2.4 in [20]. The second is easily
proved by the same way in [20]. We omit it here.
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Lemma 3.4 Let u ∈ V2(QT ) be a weak solution of (3.1). Then u ∈ C
∞(QT )
and for any positive integer k, it follows
∑
|I|≤k
∫∫
Q
R/2k
|XIu|
2
dz ≤
c
R2k
∫∫
QR
|u|
2
dz (3.9)
and ∑
|I|+2m≤k
∫∫
Q
R/2k
|XI∂
m
t u|
2 dz ≤
c
R2k
∫∫
QR
|u|2 dz. (3.10)
Proof. Denote Mk(Ω) = {u ∈ L2(Ω), XIu ∈ L
2(Ω), |I| ≤ k} and Lu = uit +
X∗α(a
αβ
ij Xβu
j). Since u is a weak solution of (3.1) and L is hypoelliptic, we
deduce that u belongs to C∞(QT ) from Lu = 0.
Let us test (3.9) by the induction on k. When k = 1, setting ρ = R2 in (3.2)
leads to ∫∫
QR/2
|XIu|
2
dz ≤
c
R2
∫∫
QR
|u|
2
dz.
Assuming that (3.9) is true if |I| ≤ k− 1(k ≥ 2 ), we show that (3.9) is still true
when |I| = k.
Let ξ(x)η (t) be a cutoff function with
ξ(x) ∈ C∞0 (BR/2k−1), 0 ≤ ξ ≤ 1, |XIξ| ≤
C
R|I|
, ξ = 1(in BR/2k)
and
η(t) =
{
t−(t0−(R/2k−1)2)
(R/2k−1)2−(R/2k)2 , t ∈ (t0 − (R/2
k−1)2, t0 − (R/2
k)2),
1, t ∈ [t0 − (R/2
k)2, t0).
Denote L˜u = aαβij XαXβu
j. Recalling Lu = 0 and X∗α = −Xα + cα, one sees
L˜u = aαβij cαXβu
j + uit.
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Due to regularity result by Rothschild and Stein ([16]) to the operator L˜, we
have
∑
|I|=k
∫∫
Q
R/2k
|XIu|
2
dz
≤
∑
|I|≤k
∫
I
R/2k
‖XIu‖
2
L2(B
R/2k
)dt ≤
∫
I
R/2k−1
‖ξηu‖
2
Mk(B
R/2k−1
)dt
≤ c
∫
I
R/2k−1
[
∥∥∥L˜(ξηu)∥∥∥2
Mk−2(B
R/2k−1
)
+ ‖ξηu‖2L2(B
R/2k−1
)]dt
≤ c
∫
I
R/2k−1
[
∥∥∥aαβij cαXβ(ξηu)j + (ξηu)it∥∥∥2
Mk−2(B
R/2k−1
)
+ ‖ξηu‖
2
L2(B
R/2k−1
)]dt
≤ c
∫
I
R/2k−1
[
∥∥∥aαβij cαXβ(ξηu)j∥∥∥2
Mk−2(B
R/2k−1
)
+
+
∥∥(ξηu)it∥∥2Mk−2(B
R/2k−1
)
+ ‖ξηu‖
2
L2(B
R/2k−1
)]dt. (3.11)
Let us denote
I ≡ c
∫
I
R/2k−1
∥∥∥aαβij cαXβ(ξηu)j∥∥∥2
Mk−2(B
R/2k−1
)
dt,
II ≡ c
∫
I
R/2k−1
∥∥(ξηu)it∥∥2Mk−2(B
R/2k−1
)
dt.
We first estimate II. By properties of ξ (x) and η (t),
II = c
∫
I
R/2k−1
‖(ξηu)t‖
2
Mk−2(B
R/2k−1
)dt
= c
∑
|I|≤k−2
∫∫
Q
R/2k−1
|XI(ξηtu+ ξηut)|
2
dz
≤ c
∑
|I|≤k−2
∫∫
Q
R/2k−1
[|ηtuXIξ|
2
+ |ξηtXIu|
2
+ |ηutXIξ|
2
+ |ξηXIut|
2
]dz,
≤ c
∑
|I|≤k−2
1
R2(|I|+2)
∫∫
Q
R/2k−1
|u|
2
dz + c
∑
|I|≤k−2
1
R4
∫∫
Q
R/2k−1
|XIu|
2
dz
+c
∑
|I|≤k−2
1
R2|I|
∫∫
Q
R/2k−1
|ut|
2
dz + c
∑
|I|≤k−2
∫∫
Q
R/2k−1
|XIut|
2
dz. (3.12)
From the assertion for |I| ≤ k − 1, it follows
∑
|I|≤k−2
∫∫
Q
R/2k−1
|XIu|
2
dz ≤
c
R2(k−2)
∫∫
QR
|u|
2
dz. (3.13)
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On the other hand, since ut is still a weak solution of (3.1), we apply (3.4) to
ut and derive∑
|I|≤k−2
∫∫
Q
R/2k−1
|XIut|
2
dz ≤
c
R2(k−2)
∫∫
QR/2
|ut|
2
dz ≤
c
R2k
∫∫
QR
|u|
2
dz.
(3.14)
Inserting (3.13) and (3.14) into (3.12), it shows from (3.4) that
II ≤
c
R2k
∫∫
Q
R/2k−1
|u|2 dz +
c
R2k
∫∫
QR
|u|2 dz ≤
c
R2k
∫∫
QR
|u|2 dz. (3.15)
Now let us handle I. Since cα ∈ C
∞
0 , |XIcα| is bounded. By properties of
ξ (x) and η (t),
I = c
∫
I
R/2k−1
(
∑
|I|≤k−2
∫
B
R/2k−1
∣∣∣aαβij ηXI(cαXβ(ξu)j)∣∣∣2dx)dt
≤ c
∑
|I|≤k−2
∫∫
Q
R/2k−1
[
∣∣ξXβujXIcα∣∣2 + ∣∣cαXβujXIξ∣∣2 + ∣∣cαξXIXβuj∣∣2]dz
+ c
∑
|I|≤k−2
∫∫
Q
R/2k−1
[
∣∣ujXβξXIcα∣∣2 + ∣∣cαXβξXIuj∣∣2 + ∣∣cαujXIXβξ∣∣2]dz
≤ c
∑
|I|≤k−2
∫∫
Q
R/2k−1
[
∣∣Xβuj∣∣2 + c
R2|I|
∣∣Xβuj∣∣2 + ∣∣XIXβuj∣∣2]dz
+ c
∑
|I|≤k−2
∫∫
Q
R/2k−1
[
1
R2
∣∣uj∣∣2 + 1
R2
∣∣XIuj∣∣2 + c
R2(|I|+1)
∣∣uj∣∣2]dz. (3.16)
By the assertion for |I| ≤ k − 1,∑
|I|≤k−2
∫∫
Q
R/2k−1
∣∣XIXβuj∣∣2 dz ≤ c
R2(k−1)
∫∫
QR
|u|
2
dz ≤
c
R2k
∫∫
QR
|u|
2
dz
and∑
|I|≤k−2
∫∫
Q
R/2k−1
∣∣XIuj∣∣2 dz ≤ c
R2(k−2)
∫∫
QR/2
|u|
2
dz ≤
c
R2(k−2)
∫∫
QR
|u|
2
dz.
Inserting the above two inequalities into (3.16) yields
I ≤
c
R2
∫∫
Q
R/2k−2
|u|2 dz +
c
R2(k−1)
∫∫
QR
|u|2 dz +
c
R2k
∫∫
QR
|u|2 dz
≤
c
R2k
∫∫
QR
|u|
2
dz. (3.17)
Putting (3.15) and (3.17) into (3.11), we get∑
|I|=k
∫∫
Q
R/2k
|XIu|
2
dz ≤
c
R2k
∫∫
QR
|u|
2
dz,
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hence (3.9) is proved.
The proof of (3.10) is easy. In fact, since ∂mt u is also a weak solution of
(3.1), it shows by applying (3.9) to ∂mt u and noting (3.4) that∑
|I|+2m≤k
∫∫
Q
R/2k
|XI∂
m
t u|
2
dxdt
≤
∑
|I|+2m≤k
c
R2|I|
∫∫
QR/22m
|∂mt u|
2
dxdt
≤
∑
|I|+2m≤k
c
R2|I|
c
R4m
∫∫
QR
|u|
2
dxdt
≤
c
R2k
∫∫
QR
|u|
2
dxdt.
Lemma 3.5 (Sobolev-Poincare´ inequality, see [7], [12] and references therein).
For any open set Ω′, Ω¯′ ⋐ Ω, there exist positive constants R0 and c such that
for any x0 ∈ Ω
′, 0 < R ≤ R0, u ∈ C
∞(B¯R),
(
1
|BR|
∫
BR
|u− uR|
q′dx)
1
q′ ≤ cR(
1
|BR|
∫
BR
q∑
i=1
|Xiu|
p′dx)
1
p′ ,
where 1 < p′ < Q, 1 ≤ q′ < p
′Q
Q−p′ , uR (t) =
1
|BR|
∫
BR
u (x, t)dx, R0 and c depend
on Ω′ and Ω.
If u ∈ C∞0 (BR), then for all 1 ≤ q
′ ≤ p
′Q
Q−p′ ,
(
1
|BR|
∫
BR
|u|q
′
dx)
1
q′ ≤ cR(
1
|BR|
∫
BR
q∑
i=1
|Xiu|
p′dx)
1
p′ . (3.18)
In particular, if p′ = q′ = 2, then
∫
BR
|u|
2
dx ≤ cR2
∫
BR
q∑
i=1
|Xiu|
2
dx; (3.19)
if p′ = 2, q′ = 2QQ−2 , then
(
∫
BR
|u|
2Q
Q−2 dx)
Q−2
2Q ≤ c(
∫
BR
|Xu|
2
dx)
1
2 . (3.20)
Lemma 3.6 Let u ∈ V2(QT ) be a weak solution of (3.1) in QT and QR ⊂ QT .
Then for any 0 ≤ ρ ≤ R,∫∫
Qρ
|u|
2
dz ≤ C(
ρ
R
)Q+2
∫∫
QR
|u|
2
dz.
12
Proof. Let k1 and k2 be fixed integers such that k1 >
Q
2 and k2 > 1. If
ρ ≥ R
2k1+k2+2
, then the conclusion is obvious. If ρ < R
2k1+k2+2
, then by (2.1),
(3.7) and (3.8),∫∫
Qρ
|u|2 dxdt ≤
∫
Iρ
|Bρ| sup
B
R/2k1+k2+2
|u|2dt
≤ c |Bρ|
∫
Iρ
(
∑
|I|≤k1
∣∣BR/2k1+k2 ∣∣−1R2|I|
∫
B
R/2k1+k2
|XIu|
2
dx)dt
≤ c
|Bρ|
|BR|
∑
|I|≤k1
R2|I|
∫
B
R/2k1+k2
|Iρ| sup
Iρ
|XIu|
2
dx
≤ cρ2
|Bρ|
|BR|
∑
|I|≤k1
R2|I|
∫
B
R/2k1+k2
∑
2m≤k2
R4m−2
∫
I
R/2k1+k2
|∂mt XIu|
2
dtdx
≤ c
( ρ
R
)2 |Bρ|
|BR|
∑
|I|+2m≤k1+k2
R2(|I|+2m)
∫∫
Q
R/2k1+k2
|∂mt XIu|
2 dz.
Applying (3.10) leads to∫∫
Qρ
|u|
2
dxdt ≤ c
( ρ
R
)2 |Bρ|
|BR|
∫∫
QR
|u|
2
dz ≤ c
( ρ
R
)Q+2 ∫∫
QR
|u|
2
dz,
where we have used the definition of Q and the fact that |BR| can be approxi-
mated by some polynomial in R, see [7],[14].
Lemma 3.7 Suppose that u ∈ V2(QT ) is a weak solution of (3.1), QR(z0) ⊂ QT
and u = 0 on ∂pQR. Then for any 0 ≤ ρ ≤ R, it follows∫∫
Qρ
|Xu|
2
dxdt ≤ c
( ρ
R
)Q+2 ∫∫
QR
|Xu|
2
dxdt.
Proof. Let k1 and k2 be fixed integers such that k1 >
Q
2 and k2 > 1. If
ρ ≥ R
2k1+k2+3
, then the conclusion holds; if ρ < R
2k1+k2+3
, then by (3.7) and
(3.8),∫∫
Qρ
|Xiu|
2
dxdt ≤
∫
Iρ
|Bρ| sup
B
R/2k1+k2+3
|Xiu|
2
dt
≤ c |Bρ|
∫
Iρ
(
∑
|I|≤k1
∣∣BR/2k1+k2+1∣∣−1R2|I|
∫
B
R/2k1+k2+1
|XIXiu|
2
dx)dt
≤ c
|Bρ|
|BR|
∑
|I|≤k1
R2|I|
∫
B
R/2k1+k2+1
|Iρ| sup
Iρ
|XIXiu|
2
dx
≤ cρ2
|Bρ|
|BR|
∑
|I|≤k1
R2|I|
∫
B
R/2k1+k2+1
∑
2m≤k2
R4m−2
∫
I
R/2k1+k2+1
|∂mt XIXiu|
2
dtdx
≤ c
( ρ
R
)2 |Bρ|
|BR|
∑
|I|+2m≤k1+k2
R2(|I|+2m)
∫∫
Q
R/2k1+k2+1
|∂mt XIXiu|
2
dz.
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In virtue of (3.10) and (3.18),∫∫
Qρ
|Xiu|
2
dxdt ≤ c
( ρ
R
)2 |Bρ|
|BR|
∑
|I|+2m≤k
R2(|I|+2m)R−2(|I|+2m+1)
∫∫
QR
|u|
2
dz
≤ c
( ρ
R
)2 |Bρ|
|BR|
1
R2
∫∫
QR
|u|
2
dz,
≤ c
( ρ
R
)2 |Bρ|
|BR|
∫∫
QR
|Xu|
2
dz.
Similarly to Lemma 3.6, we end the proof.
We need to define a parabolic distance dp corresponding to dX . For (x, t), (y, s) ∈
QT , set
dp ((x, t), (y, s)) = (dX(x, y)
2 + |t− s|)
1
2 .
Denote a ball with respect to the distance dp by
Bp((x0, t0) , R) = {(x, t) ∈ QT : dp((x0, t0) , (x, t)) < R}.
An important fact is that Bp((x0, t0) , R) is a homogeneous space (see [8],
[1, Proposition 3.8]). According to it and
QR (z) ⊂ Bp (z, 2R) ⊂ Q2R (z) ,
we immediately know that the reverse Ho¨lder inequality in [8] (or [21]) is true
for parabolic cylinders.
Lemma 3.8 Let g ≥ 0 on QT . If for some qˆ > 1 such that for any Q4R ⊂ QT ,
1
|QR|
∫∫
QR
gqˆdxdt ≤ b
(
1
|Q4R|
∫∫
Q4R
gdxdt
)qˆ
+ θ
∫∫
Q4R
gqˆdxdt. (3.21)
Then there exist positive constants b > 1 and θ0 = θ0(qˆ, QT ) such that if θ < θ0,
then g ∈ Lploc (QT ) for any p ∈ (qˆ, qˆ + ε]. Moreover, it holds(
1
|QR|
∫∫
QR
gpdxdt
) 1
p
≤ c
(
1
|Q4R|
∫∫
Q4R
gqˆdxdt
) 1
qˆ
,
where the positive constants c and ε depend only on b, qˆ, θ and Q.
Theorem 3.9 Let QR ⊂ Q4R ⊂ QT and u ∈ V2(QT ) be a weak solution of
(3.1) in QT and u = 0 on ∂pQ4R. Then there exists a constant s > 2 such that
Xu ∈ Lsloc(QT ). Moreover, the following inequality holds
(
1
|QR|
∫∫
QR
|Xu|
s
dz)1/s ≤ C(
1
|Q4R|
∫∫
Q4R
|Xu|
2
dz)1/2.
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Proof. Set 2∗ = 2QQ−2 and q˜ =
2Q
Q+2 . Note∫∫
Q2R
|u (t)|2 dz
≤ sup
I2R
(∫
B2R
|u (t)|2 dx
) 1
2
·
(∫
I2R
(∫
B2R
|u (t)|2 dx
) 1
2
dt
)
, (3.22)
and denote
A ≡ sup
I2R
(∫
B2R
|u (t)|2 dx
) 1
2
, B ≡
∫
I2R
(∫
B2R
|u (t)|2 dx
) 1
2
dt.
Now we estimate A and B, respectively. By (3.2) and (3.19),
A ≤
c
R
(
∫∫
Q4R
|u|2 dz)
1
2 ≤ c(
∫∫
Q4R
|Xu|2 dz)
1
2 . (3.23)
To B, we have by (3.18) and (3.20) that
B ≤
∫
I2R
(∫
B2R
|u (t)|
q˜
dx
) 1
2q˜
(∫
B2R
|u (t)|
2∗
dx
) 1
2·2∗
dt
≤ c
∫
I2R
(
Rq˜
∫
B2R
|Xu|
q˜
dx
) 1
2q˜
(∫
B2R
|u|
2∗
dx
) 1
2·2∗
dt
≤ cR
1
2
∫
I2R
(∫
B2R
|Xu|
q˜
dx
) 1
2q˜
(∫
B2R
|Xu|
2
dx
) 1
4
dt
≤ cR
1
2
(∫∫
Q2R
|Xu|
q˜
dz
) 1
2q˜
(∫
I2R
(∫
B2R
|Xu|
2
dx
) 1
2
q˜
2q˜−1
dt
) 2q˜−1
2q˜
≤ cR
3
2
− 1Q
(∫∫
Q4R
|Xu|
q˜
dz
) 1
2q˜
(∫∫
Q4R
|Xu|
2
dz
) 1
4
. (3.24)
Inserting (3.23) and (3.24) into (3.22) and using Young’s inequality,∫∫
Q2R
|u (t)|2 dz
≤ cR
3
2
− 1Q
(∫∫
Q4R
|Xu|2 dz
) 3
4
·
(∫∫
Q4R
|Xu|q˜ dz
) 1
2q˜
≤ εR2
∫∫
Q4R
|Xu|2 dz + C(ε)R−
4
Q
(∫∫
Q4R
|Xu|q˜ dz
) 2
q˜
.
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Returning to (3.2) and using the above inequality lead to
1
|QR|
∫∫
QR
|Xu|
2
dz
≤
c
R2
1
|QR|
∫∫
Q2R
|u (t)|2 dz
≤ ε
1
|Q4R|
∫∫
Q4R
|Xu|2 dz + C(ε)
|Q4R|
2/q˜
|QR|
R−
4
Q−2
(
1
|Q4R|
∫∫
Q4R
|Xu|q˜ dz
) 2
q˜
≤ ε
1
|Q4R|
∫∫
Q4R
|Xu|2 dz + C(ε)
(
1
|Q4R|
∫∫
Q4R
|Xu|q˜ dz
) 2
q˜
.
Let g = |Xu|
q˜
, qˆ = 2q˜ =
Q+2
Q > 1 , θ = ε. The previous inequality is of the form
1
|QR|
∫∫
QR
gqˆdz ≤ θ
1
|Q4R|
∫∫
Q4R
gqˆdz + C(ε)
(
1
|Q4R|
∫∫
Q4R
gdz
)qˆ
.
Due to Lemma 3.8, there exists ε > 0 such that for any p ∈ [qˆ, qˆ + ε),
(
1
|QR|
∫∫
QR
|Xu|
pq˜
dz
) 1
p
≤ c
(
1
|Q4R|
∫∫
Q4R
|Xu|
2
dz
) q˜
2
,
Denoting s = pq˜ ∈ [2, 2 + ε), the proof is finished.
Remark 3.10 It is not hard to find that the conclusion of Theorem 3.9 is still
true for the homogeneous parabolic system with variable coefficients, when we
check carefully the above proof. It will be useful in Section 4.
4 Proof of Theorem 1.1
In this section we will prove Theorem 1.1. First step is to establish the following.
Theorem 4.1 Let u ∈ V2(QT ) be a weak solution of
uit +X
∗
α(a
αβ
ij (z)Xβu
j) = 0,
in QT . Suppose coefficients a
αβ
ij (z) ∈ VMO(QT ) and satisfy (1.2). Then for
any 0 < µ < Q + 2, there exist positive constants R0 and c such that for any
ρ ≤ R ≤ 12 min(R0, dist(z0, ∂pQT )), it holds∫∫
Qρ
|Xu|
2
dxdt ≤ c
( ρ
R
)µ ∫∫
QR
|Xu|
2
dxdt,
where R0 and c depend on Q, µ, Λ and the VMO modulus of a
αβ
ij .
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Proof. Let w be a weak solution of the following system{
wit +X
∗
α((a
αβ
ij )z0,R)Xβw
j) = 0, inQR,
w = u, on ∂pQR,
(4.1)
where z0 is a fixed point in QR, (a
αβ
ij )z0,R =
1
|QT∩QR|
∫∫
QT∩QR
aαβij (z)dz. Then
v = u− w satisfies{
vit +X
∗
α((a
αβ
ij )z0,RXβv
j) = X∗α(((a
αβ
ij )z0,R − a
αβ
ij (z))Xβu
j), in QR,
v = 0, on ∂pQR.
(4.2)
Multiplying both sides of (4.2) by vi and integrating by parts on QR,∫∫
QR
(vitv
i + (aαβij )z0,RXβv
jXαv
i)dz
=
∫∫
QR
(((aαβij )z0,R − a
αβ
ij (z))Xβu
jXαv
i)dz
≤
∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣ |Xu| |Xv| dz
≤ Cε
∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣2 |Xu|2 dz + ε
∫∫
QR
|Xv|
2
dz.
Noting
∫∫
QR
vitv
idz =
∫
BR
dx
∫ t0
t0−R2
vidvi ≥ 0 and (1.2), it follows
∫∫
QR
|Xv|
2
dz ≤ Cε
∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣2 |Xu|2 dz. (4.3)
From aαβij ∈ VMO, we see that for any ε > 0, there exists R0 > 0 such that for
any R ≤ R0,
(
1
|QR|
∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣ 2ss−2 dz
) s−2
s
< ε
and∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣2 |Xu|2 dz
≤ |QR| (
1
|QR|
∫∫
QR
∣∣∣aαβij (z)− (aαβij )z0,R∣∣∣ 2ss−2 dz) s−2s ( 1|QR|
∫∫
QR
|Xu|
s
dz)2/s
≤ ε |QR| (
1
|QR|
∫∫
QR
|Xu|
s
dz)2/s
≤ ε
∫∫
Q4R
|Xu|
2
dz,
where we have used Theorem 3.9, Remarks 3.2 and 3.10.
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Inserting the above inequality into (4.3), we immediately get∫∫
QR
|Xv|
2
dz ≤ ε
∫∫
Q4R
|Xu|
2
dz.
Applying Lemma 3.7 to w,
∫∫
Qρ
|Xu|
2
dz ≤ 2
∫∫
Qρ
|Xv|
2
dz + 2
∫∫
Qρ
|Xw|
2
dz
≤ c
∫∫
Qρ
|Xv|
2
dz + c(
ρ
R
)Q+2
∫∫
QR
|Xw|
2
dz
≤ c
∫∫
Qρ
|Xv|2 dz + c(
ρ
R
)Q+2
∫∫
QR
|Xu|2 dz
≤ c((
ρ
R
)Q+2 + ε)
∫∫
QR
|Xu|
2
dz.
The proof is reached by using Lemma 2.6.
Next we discuss estimates of weak solutions of (1.1) in parabolic cylinders.
Theorem 4.2 Under the assumption (H), let u ∈ V2(QT ) be a weak solution
of (1.1) in QT and u = 0 on ∂pQR. Suppose that there exist λ and γ such that
λ < γ < Q+2 and the function r
γ−λ
ϕ2(r) is almost increasing. Then Xu ∈ L
2,λ
ϕ (Qρ).
Furthermore, for any ρ ≤ R, QR ⊂ QT , it follows∫∫
Qρ
|Xu|
2
dz ≤ c
ρλϕ2(ρ)
Rλϕ2(R)
∫∫
QR
|Xu|
2
dz + cρλϕ2(ρ)(‖f‖
2
L2,λϕ
+ ‖g‖
2
L2,λϕ
).
Proof. Let w be a weak solution to the system{
wit +X
∗
α(a
αβ
ij Xβw
j) = 0, in QR,
w = u, on ∂pQR,
(4.4)
Then v = u− w satisfies{
vit +X
∗
α(a
αβ
ij Xβv
j) = gi +X
∗
αf
α
i , in QR,
v = 0, on ∂pQR.
(4.5)
Multiplying both sides of the system in (4.5) by vi and integrating on QR,∫∫
QR
(vitv
i + aαβij Xβv
jXαv
i)dz =
∫∫
QR
(giv
i + fαi Xαv
i)dz.
Using (3.18),∫∫
QR
(vitv
i + aαβij Xβv
jXαv
i)dz
≤ Cε
∫∫
QR
(|g|
2
+ |f |
2
)dz + ε
∫∫
QR
|v|
2
dz + ε
∫∫
QR
|Xv|
2
dz
≤ 2ε
∫∫
QR
|Xv|2 dz + Cε
∫∫
QR
(|g|2 + |f |2)dz.
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Since
∫∫
QR
vitv
idz =
∫
BR
dx
∫ t0
t0−R2
vidvi ≥ 0 and (1.2), it yields
∫∫
QR
|Xv|
2
dz ≤ Cε
∫∫
QR
(|g|
2
+ |f |
2
)dz. (4.6)
Thanks to Theorem 4.1, we have∫∫
Qρ
|Xu|
2
dz ≤ 2
∫∫
Qρ
|Xw|
2
dz + 2
∫∫
Qρ
|Xv|
2
dz
≤ c(
ρ
R
)µ
∫∫
QR
|Xw|
2
dz + c
∫∫
QR
|Xv|
2
dz
≤ c(
ρ
R
)µ
∫∫
QR
|Xu|
2
dz + c
∫∫
QR
|Xv|
2
dz
≤ c(
ρ
R
)µ
∫∫
QR
|Xu|
2
dz + Cε
∫∫
QR
(|g|
2
+ |f |
2
)dz
≤ c(
ρ
R
)µ
∫∫
QR
|Xu|2 dz + cϕ2(R)Rλ(‖f‖2L2,λϕ + ‖g‖
2
L2,λϕ
).
Now letting H(ρ) =
∫∫
Qρ
|Xu|
2
dz, H(R) =
∫∫
QR
|Xu|
2
dz, B = ‖f‖
2
L2,λϕ
+
‖g‖
2
L2,λϕ
, F (R) = ϕ2(R)Rλ and β = Q+ 2, and noting that the function ρ
γ
F (ρ) is
almost increasing in (0, R0], we have by Lemma 2.6 that∫∫
Qρ
|Xu|
2
dz ≤ c
ρλϕ2(ρ)
Rλϕ2(R)
∫∫
QR
|Xu|
2
dz + cρλϕ2(ρ)(‖f‖
2
L2,λϕ
+ ‖g‖
2
L2,λϕ
).
This proof is completed.
Proof for Theorem 1.1. By Theorem 4.2 and the cutoff function technique,
it is easy to see that Theorem 1.1 is true, and we omit the details.
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